The aim of this paper is to investigate the stabilization of a hybrid system composed of a plate equation with variable coefficients and two ordinary differential equations under some suitable feedbacks. A rational energy decay rate is established by the multiplier method and the Riemannian geometry method, and the uniform energy decay rate for a simplified system is obtained.
Introduction.
We consider the stabilization problem of a hybrid system with variable coefficients where, for convenience, our problems start out on a Riemannian manifold M of dimension 2 with a metric g = (•,•). For the classical case where M = R2 and g is the dot product, the problem mentioned above has been well studied by Rao [1] and others. Here we use the Riemannian geometry method to obtain the stabilization results for the elastic plate with variable coefficients and dynamical boundary control.
This method is first introduced into the boundary control problem by Yao [2] for the wave equation.
Our paper is organized as follows. In Sec. 2, we introduce some notation with which we are working. In Sec. 3, we establish the rational energy decay rate for the smooth solution to the system. In Sec. 4, we consider a simplified plate model, and obtain the uniform energy decay rate of the system. 384 YUXIA GUO, SHUGEN CHAI, and PENGFEI YAO 2. Some notation.
We introduce some notation in the Riemannian manifold in preparation for our system of the elastic plate with dynamical boundary control. It should be mentioned that all definitions and notation in this section are standard and classical in the literature.
Let (M,g) be a Riemannian manifold with Riemannian metric g = (■,■). For each x G M, Mx is the tangential space of M at x. We use x(M) for the set of all vector fields on M. Denote the set of all fc-order tensor fields and all fc-forms on M by Tk(M) and Ak(M) respectively, where k is a nonnegative integer.
It is well known that, for each x G M, the fc-order tensor space Tk on Mx is an inner product space, and its inner product (•,•) is defined in the following way. Let e\,e2 be an orthonormal basis of Mx, and for any a,/3 G Tk, x G M, define for a G Ak(Q) and /? G Afe+1(f2) with compact support.
The Sobolev space Hk(i1) is the completion of with respect to the norm ll/llfffc(fi) = Ei=i W&fWlw) + ll/lli2(n)' for f G where Dlf is the zth covariant differential of / in the metric g, and || ■ ||x,2(n,T'=)) II ' lli2(n) are the induced norms in the inner products (2.2), (2.3), respectively. For details on the Sobolev spaces on the Riemannian manifolds, we refer to Hebey [3] (da,/3)L2(QAfc+i) = {a,Sp)L2(QAk) + L (v A a, p)Tk+1 dY (2.6) for a G Afc(fi) and /? G Afc+1(fi) and
for a G Afc+1(f2) and (3 € Afc(f2), where dr is the line element of T and v is the unit normal of Y pointing towards the exterior of T. For a G Afe+1(f2) and the unit normal v, lva G Tk(Ti) is defined by ...,Xk) = a(v, Xu ..., Xk), VX\,..., Xk G X(H) and A is the exterior product of differential forms.
In the case of dimension 2, the Ricci tensor is a second-order covariant tensor field, given by
where e\, is an orthonormal basis of Mx and R is the curvature tensor of the Levi-Civita connection (for details, see Wu [5] ). It is easy to check from (2. We will use many times the following divergence formulae: 3. Rational energy decay rate. We keep all the notation as in Sec. 2. Let denote a bounded domain in the Riemannian manifold (M,g) with smooth boundary F consisting of two disjoint parts F0 U Ti = T. Here we will consider a curvy plate with the dynamic boundary whose middle surface, is part of a surface M and where the extension effects along the tangential direction are neglected. We assume that the material undergoing change obeys Hooke's law. Then the potential energy is to be defined by Pn = f [(1 -p)\D2y\2 + p,(tr D2y)2}dx, (3.1) J a where y is the displacement of the plate along the normal and 0 < p < \ is the Poisson coefficient. The energy produced by the dynamic boundary is to be defined by Pr = J f \d"y'\2dr + p[ \y'\2 dT, (3.2) Jri Jri where p > 0 is the linear boundary density and J > 0 is the bending moment of inertia of the boundary.
If there is no external force, then the equations of motion for y are obtained by setting to zero the first variation of the Lagrangian:
(the "Principle of the Virtual Work"). Then the variation of (3.3) is taken with respect to kinematically admissible displacements.
We obtain, as the result of calculation by the variation of (3.3), the following system: respectively, where D2y is the Hessian of y, which is a second-order tensor, r is the tangential along curve F, and duy = = (v,Dy). In this section, we will consider the Also, we will establish the rational energy decay rate for the smooth solution of system (3.6) and (3.7).
Remark 3.1. The term (1 -fj,)5(kdy) in the system (3.6) comes from the curvedness of the metric. For the flat case where M = R2 and k = 0, system (3.6) is the same as in
Well posedness and regularity.
In the following, we will discuss briefly the well posedness and the smoothness of solutions to the system (3.6) and (3.7). The idea is the same as in Rao [1] since the variable coefficients do not influence the regularity of the problem.
Let Ay = A2y -(1 -n)S(kdy).
By Lemma 3.1 below, the equation in (3.6) then becomes y" + Ay = 0.
By a similar argument in the sense of a semigroup of contractions in [1] , we can obtain the existence and uniqueness of a solution to the system (3.6) and (3.7).
Let S = {u = (y, 2,£,t?) € W x H2o(f2) x L2(ri) x L2(ri)} such that £ = duz\rl and 77 = z|rj, where W is defined by A2jel2(Sl), W = < Ay + (1 -n)Biy = vx e L2(Ti),
If the initial data uo G S, then system (3.6) has a solution y satisfying y(t) e C°(R+;H §) n C1(R+; H2o(n)) n C2(i?+; L2(f2)); y\Tl e C2(R+; L2(Ti)); dvy\Tl € C2(R+;L2(rj).
By the elliptic theory, we can obtain the regularity of the solutions to the system (3.6) and (3.7). In fact, if initial data y(0) = yo G i/p^+2(Q), yt(0) = yi £ H^+2( 17), for k > 1, then we have (yo> 2/1) ^yi Iri., 3/i |ri) £ S. Therefore, system (3.6) has a solution y(t) satisfying 
From the system (3.6), we obtain that ytt is a strong solution of the system with initial data (yt(0),ytt(0),<9^(0)1^,2/tt(0)|ri) G S, and therefore we have
By system (3.6) and (3.8), we have
It is easy to check that A is an elliptic operator (see Taylor [4] ). Thus from elliptic theory, we obtain y G If the initial data have more regularity, then we obtain more regularity of solutions by repeating the above steps.
The following formula is key to our problems, which is something like the classical Green's formula presenting the relationship between the interior and the boundary. [ T(D2y, L(y)) dx, J n + where Co is a positive constant depending only on the domain U. Now a straightforward computation shows that \d"{H{y))\ < \DH(Dy, u)\ + \D2y{H, u)\, \dv{H{y))\2 < 2(\DH\2TJDy\2 + \D2y\2TJH\2).
It follows that, for any A > 0,
where r = supxeri\DH\tx and R = supxGri \H\, and jT v2(H(y))dT>-xJ^ \V2\2dF-^J^ \Dy\2dT. ), the proof is complete. □ Let y be a smooth solution of the system (3.6)-(3.7). We define the associated energy by E(t) = \ \\y'\2 + a(y,y)\dx + J^(p\y'\2 + J\d"y'\2) dT^ .
Then using equations (3.6), (3.7), and formulae (3.9), we have -E(t) = -1|y ||^2(p) -11dvy'\\2h2(F) < 0.
Therefore, E(t) is a nonincreasing function. Theorem 3.1. Let Assumption B hold. For any smooth solution y to problem (3.6) and (3.7), there exists a constant K > 0 depending only on the initial data of y such that the following rational energy decay rate holds:
2 K E(t)<E{ 0)%-j. Vt>0.
(3.38)
Proof. Letting 0 < T < S < +oo, we multiply the plate equation in (3.6) from both sides by E(t)H(y) and integrate over Q x [T, S] by parts. We then obtain on one hand
.Jn J t Jt Jn 
